1. Introduction. The scattering properties of media stratified at a subwave-16 length scale are known to be correctly described by an equivalent homogeneous aniso-17 tropic medium whose effective bulk parameters involve averages of the bulk parame- 
23
In its classical form, the homogenization is performed considering that the structu-24 red medium occupies the whole space. Obviously in practice, samples of finite thickness 25 e are considered and it has been shown that, for small e, the scattering properties of 26 the samples were not correctly described by their homogenized counterparts [7, 8, 9 ].
27
In this paper, we show that the homogenization theory can be adapted to stratified 28 structures of finite thickness, which yields an equivalent slab whose scattering proper-29 ties accurately describe those of the actual structure. We establish that, in addition 30 to the bulk parameters entering in the effective wave equation, the homogenization 31 makes interface parameters to appear, which enter in jump conditions at the boun-32 daries of the equivalent slab ( Figure 1 ). While the effective bulk parameters depend 33 only on the characteristics of the structure at the microscale, the interface parameters 34 result from boundary layer effects and as such, they depend also on the characteristics 35 of the surrounding media.
36
The homogenization for finite size stratified structures is performed up to the 37 second order in ε ≡ kh 1 (k being the wavelength and h the periodicity of the 38 structure). It is presented in the section 2 and the approach essentially follows the 39 one presented in [1] in the context of solid mechanics. We start with the elastic wave On the left, the wave problem is set for a slab filled with a stratified medium, with the usual continuity conditions on the boundaries of the layers. On the right, it is set for an equivalent slab made of an effective medium (homogeneous and anisotropic) and jump conditions apply at the boundaries of the slab X 1 = ±e/2 (the boundaries at |X 2 | = H/2 are disregarded or equivalently, we consider H → +∞).
with µ(X) the shear modulus and ρ(X) the mass density being spatially dependent of X = (X 1 , X 2 ) ∈ R × (−H/2, H/2) and ω the frequency (Fig. 1 ). Eq. (1) can be written using the non dimensional parameters eff ) will be defined in subsection 2.2, see (27) . Next, for the stratified 53 medium occupying the region X = (X 1 , X 2 ) ∈ (−e/2, e/2) × (−H/2, H/2), the homo- 
.
60
In the above relations, for any field V being discontinuous across a boundary with boundary condition) and details on the numerical resolutions are given in section S2.
79
2. Up to second-order homogenization. In this section, we shall work on 80 a problem simplified with respect to the one in Fig. 1 in the sense that we consider 81 a single interface (also, we shall work in dimensionless coordinates). We define x 1 = 82 k(X 1 − e/2), x 2 = kX 2 , which means that we focus on a region near the boundary 83 of the stratified medium at X 1 = e/2 in the original problem in Fig. 1(a) . But now,
84
we assume that the stratified medium occupies the region x 1 < 0, Fig. 2 . Doing 85 so, we assumed implicitly that the wave passing through the stratified slab in the 86 configuration of the Fig. 1 feels the boundaries and the bulk of the stratified medium.
87
To anticipate, this means that the slab is thick enough, and thick means that the 88 evanescent fields at both boundaries of the slab do not interact. If it is not the case, one
89
should consider the whole thin slab in the asymptotic analysis, as done in [5, 6, 9, 11]
90
(this is discussed further in Appendix A).
Single interface between the stratified medium occupying the region x 1 < 0 and the substrate occupying the region x 1 > 0. The usual continuity conditions apply at the boundaries between the layers (u ε , σ ε 2 ) and at the boundaries between the layers and the substrate (u ε , σ ε 1 ) at x 1 = 0.
91
We shall define the actual problem for x = (x 1 , x 2 ) ∈ R × (−kH/2, kH/2). With 92 the periodicity of the stratified medium ε = kh 1, the solution of the problem 93 depends on ε and we make this dependence to appear explicitly, by denoting a
This manuscript is for review purposes only.
The functions a and b are 1-periodic and piecewise constant ; at this point, it is not 102 necessary to define them more specifically. To (5), we have to associate boundary 103 conditions. At each boundary between two different media, the continuity of the dis-104 placement u ε and of the normal stress σ ε · n apply (with n the vector normal to the 105 boundary) ; this applies at the boundaries between two layers within the stratified 106 medium and at the boundaries between the layers and the substrate at x 1 = 0 ( Fig.   107 2). Finally, once the wave source is defined, the conditions satisfied by (u ε , σ ε ) for 108 x 2 = ±kH/2 and for |x 1 | → +∞, often referred as to radiation conditions, can be 109 defined ; for the time being, we do not need to specify them. On the left, configuration in x coordinate ; the periodicity along x 2 is ε ≡ kh ; the inner region corresponds to the neighborhood of the boundary between the stratified medium (x 1 < 0) and the substrate being a homogeneous medium (x 1 > 0). On the right, the unit cell (inner region) in y coordinate, with y = x/ε, and y ∈ R × Y , with Y = (−1/2, 1/2). relevant to describe the variations of the field. To do so, we define y ≡ x/ε and we 125 assume that (u ε , σ ε ) can be expanded by using the following asymptotic expansions
with the outer terms (u n , σ n ) for x 1 < 0 and the inner terms (v n , τ n ) being Y -periodic 128 with Y = (−1/2, 1/2). Thus, we shall consider y 2 ∈ Y and in the inner region y 1 ∈ R ; 129 next, in the three regions x 2 ∈ (−kH/2, kH/2) and in the outer regions x 1 ∈ (−∞, 0)
130 and x 1 ∈ (0, +∞) respectively.
131
The differential operator reads, in the different regions, as
where ∇ x means gradient w.r.t. x and ∇ y means gradient w.r.t. y. Let us comment and this is accounted for by keeping the coordinate y 2 .
145
Finally, from (6), (a ε , b ε ) can be specified with in the outer regions
and in the inner region a ε (x) =ã(x/ε) and b ε (x) =b(x/ε) with
with a(y 2 ), b(y 2 ) 1-periodic and piecewise constant. the layers within the stratified medium apply for x 1 < 0 (thus, with n = e 2 ).
162
The missing conditions for the inner and outer terms are provided simultaneously 163 by the matching conditions (see the discussion on alternative matching in [1] ), at 164 leading order
and at order ε
At order ε, the conditions are obtained using the Taylor expansions of (u 0 , σ 0 ), for tion, up to second-order, satisfied by the mean fields (u(x), σ(x)) with
182
We have defined the average over y 2 ∈ Y for any function f
and obviously, if f does not depend on y 2 , f = f .
185
The homogenized wave equation is sought for x 1 < 0 only. For
along with (9), the wave equation is
being the same at each order, and the fields being independent of y 2 equal their 189 averages. 
and u 0 , σ 0 2 equal their averages. Now, we establish the relation between σ 0 and u 0 .
195
The Eqs. (5) at order ε 0 in the outer problems x 1 < 0 give
and odd. Thus, the integral over y ∈ Y vanishes, from which f g = f g .
210
First, from (18), we have
and we used that σ
is even too, so the property on the average applies and
, for any even f.
215
Integrating (21), we also have
In the above expression, we have used that A = 0, by construction.
218
Next, we use that σ (18), and thus σ
2 is even w.r.t. y 2 , from which the property on the average 223 applies and 
To average the above equation, it is sufficient to use (22) and (24), with a(y 2 ) being 230 even. We get
where the arrow indicates the average process. Next, (5a) at order ε reads
whose average leads to 
which coincides, when coming back to the real space, to (3). appear. To that aim, we have to consider the inner solution and its matching with 248 the two outer solutions. We are looking for the jumps of (u, σ 1 ) defined in (14),
This manuscript is for review purposes only. from which the matching conditions, (12a) and (12b), give
, and u 0 = 0.
258
Next, (5a) in the inner region gives at the leading order div y τ 0 = 0 ; by integrating this equation on R × Y , we get (5a) at order ε −1 and (5b) at order ε 0 , we have
where we used that ∂ x2 u 0 (x) is continuous at x 1 = 0 as u 0 does from (29). The (10) . It follows that the system satisfied by 
and T (2) +ã (y)/a(y 2 ) 1/a e 2 · n continuous, 
The above limits are obtained by integrating the limits of 
Jump conditions at second-order.
Once the elementary problems are 301 solved, it is possible to determine the jump conditions.
302
Jump of u 1 -To get the jump of u 1 , it is sufficient to use the matching conditions 303 (13a)-(13b) and we want v 1 (x 2 , ±∞, y 2 ). From (33) along with (36), we have
Now, we have σ
from (16) and (30). Averaging 
312
(38)
313
Integrating over Y the Eq. (5a) written at order ε 0 for the inner problem, we get
315
Two of the three integrals above are easily obtained, namely
317
We used, for the first integral, the continuity of τ 1 · n and the periodicity of τ 1 w.r.t.
318
y 2 . Note that the first integral of (40) corresponds to the first term in σ Now, let us consider the second integral in (39). First, from (33), we have
2 (y) . 
In (42), we want ∂ x1 σ 
330
It is now sufficient to use (40), (41) and (44) in (39), to get the jump condition
331
(45) σ
2 (y),
332
and we used that Y dy T 
337
The above jump conditions define a homogenized problem which can be solved itera- 
and it is easy to see from (16), (27) and (46) Finally, coming back to the real space, in X = x/k coordinate and with U (X) =ũ(x),
347
Σ(X) = kσ(x), (47) take the form
349
The above problem, written for a single interface at X 1 = 0, correspond to the system 350 (3)-(4) when two interfaces at X 1 = ±e/2 are considered. Ω\Ω v with Ω = {(X 1 , X 2 ) ∈ R × (−H/2, H/2)} and reads
The conditions at X 1 → ±∞ are the radiation conditions required to select an out-366 going scattered waves (U − U inc ) in the low frequency regime, namely for k < 2π/h (if 367 not the case, the radiation condition should to be modified, see [2] ). In the case where 368 H = nh, with n an integer (and we shall consider that this is the case), the last condi-369 tion is referred to as the condition of pseudo-periodicity or the Floquet condition, 370 which applies for the incident wave and for the total field [13] . The actual problem is 371 solved numerically using a multimodal method which reduces to the determination of 372 a set of scalar coefficients for |X 1 | < e/2 and for |X 1 | > e/2 (see subsection S2.2.1).
373
In the following, the computed solution U num is the reference solution. 
382
It follows that the homogenized problems read

383
(52)
Jump conditions (4), at
In the following, we refer to the homogenized problems at first and at second orders for 
387
(53)
388
(see subsection S2.1).
389
The solution of (52) with (49) is of the form
with (R, T, a, b) given by the jump conditions (4). Indeed, applying (4) to (54), we 392 find, for any (k, θ) values characterizing the incident wave, a set (R, T, a, b) such that
393
U is solution of the homogenized problems. In particular, the scattering coefficients
Obviously, for B = C = 0, the jump conditions (4) simplify to the continuities of U
399
and Σ · n and we recover the usual expressions of the scattering coefficients given by 400 the homogenization at the first order, with cos θ/ϕ the effective impedance mismatch 401 between the two media [12] . Finally, the derivation of (a, b) is straightforward and
402
together with (R, T ) can be used in (54) to calculate the homogenized wavefield U (X). In Figure 9 , errors smaller than 1% appear in dark blue and errors grater than
424
This manuscript is for review purposes only. properties of an array of flat voids. This is related to the discussion presented in Ref. e/h 4 0 Figure 9 . Errors ∆T on the transmission coefficient in the homogenization problems (at first and at second orders) as a function of e/h and kh (ϕ = 0.1 and θ = 0). Errors below 1% appear in dark blue and errors larger than 100% appear in dark red.
436
More specifically, we inspect (i) the profiles of |T num | (blue symbols) and its ho- 
456
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465
Inspecting Figure 12 to Figure 15 , we recover in general the same tendencies 466 as those observed at normal incidence. On average, for kh < π/2, the error in the 467 transmission coefficient is smaller than 1% in the whole range of e/h at second order, it 468 is of 40% on average at first order. Also, the first order homogenization underestimates 469 the scattering properties of the structure when e/h goes to zero (C 1 profile in Figure 14   470 and Figure 15 ). Reversely for larger e/h, and this is more surprising, it overestimates This manuscript is for review purposes only.
homogenization of stratified media with finite size has been exemplified in this paper 533 for varying e/h. In fact, the case of vanishing thicknesses has to be inspected more 534 carefully. Indeed, we end with jump conditions reflecting the behavior of the evanes-535 cent field at each boundary of the equivalent slab, and these boundary layers have 536 been assumed to be independent. In fact, for very small thicknesses, the two boundary 537 layers may interact. In this case, the bulk problem is meaningless and the elementary 538 problems have to include the whole structure ; doing so, jump conditions across an 539 equivalent interface are found (and the bulk behavior is disregarded), see [9, 11] . We 
546
In Figure 16 , we reported (i) the elementary solutions V (1,2) of (S9) and (S17) for 547 ϕ = 0.5 (for V (1) , the external load is (y 1 ) and it has been removed to exhibit the to be compared to e/h the array thickness in y-coordinates). We report in dotted 566 lines the transmission coefficient T int given by the interface homogenization (57)-(58)
567
(from [9] . As expected, this homogenization which accounts for the boundary layers 568 in the whole array, is more accurate for vanishing thickness. 
